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Abstract: Cognitive processes are procedures for using existing knowledge to combine it with new knowledge and make decisions
based on that knowledge. This study aims to identify the cognitive structure of students during information processing based on the
level of algebraic reasoning ability. This type of research is qualitative with exploratory methods. The data collection technique used
began by providing a valid and reliable test instrument for algebraic reasoning abilities for six mathematics education student
programs at the Islamic University of Sultan Agung Indonesia. Subjects were selected based on the level of upper, middle, and lower
algebraic reasoning abilities. The results showed that (1) students with the highest level of algebraic reasoning ability meet the
logical structure of Logical Reasoning which shows that students at the upper level can find patterns and can generalize; (2) Students
at the intermediate level understand the cognitive structure of Symbolic Representations, where students can make connections
between knowledge and experience and look for patterns and relationships but have difficulty making rules and generalizations; (3)
students at lower levels understand the cognitive structure of Comparative Thinking, where students are only able to make
connections between prior knowledge and experience.
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Introduction

The rapid development of science and technology is inseparable from the role of mathematics as one of the basic
sciences in various fields. This development triggers the emergence of new challenges in the world of education so that
the reasoning abilities of every human being are needed. If the knowledge of reason is integrated into the curriculum, it
will certainly have a positive effect on learning mathematics. However, most teachers do not know how students learn
and master complex concepts, rules, procedures, or processes in mathematics (Thuneberg et al., 2018). For this reason,
Teachers don't just deliver math material but can understand how students learn mathematics, including
understanding students' cognitive processes. One indicator of a quality mathematics teacher is that teachers can
understand students' thinking processes in problem-solving and expand students' abilities (Siagian et al., 2019). If the
teacher pays attention to how students think, the teacher can teach mathematics (Kusmaryono et al., 2021). Cognitive
psychology becomes the focus and concern in learning mathematics because it is related to the nature and
characteristics of students. Axiomatic deductive reasoning makes mathematics material have an important role in
training and improving thinking skills (Li et al., 2019).

In learning mathematics, the concept of algebra is a generalization of arithmetic, so algebra plays an important role in
mathematics. However, there are still students who have difficulty in learning algebra. The algebraic difficulties faced
by students are mainly in mathematical modelling, understanding algebraic expressions, applying arithmetic
operations, understanding the different meanings of the equal sign, and understanding variable notation (Jupri et al,,
2014). Most students have difficulty in generalizing arithmetic using algebraic symbols (Ayber & Tanisl, 2017).
Cognitive changes are needed by students in learning algebra with the transition from one form to another so that
epistemological barriers arise (Loibl & Leuders, 2019). Students prefer to explain rhetorically rather than give symbolic
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answers (Zayyadi et al., 2019). To overcome student difficulties, teachers need to train students' algebraic reasoning
abilities.

The emphasis in algebraic learning does not lie in algebraically qualified activities but rather on students' thinking and
reasoning processes (Cai et al., 2005). Algebraic reasoning is more important than procedural skills which tend to be
mechanistic because the material in mathematics is easier to understand through reasoning. The reasoning is a thought
process that tries to connect known facts or evidence to a conclusion (Hawes & Ansari, 2020). In line with this,
algebraic reasoning is a process of generalizing mathematical ideas from a set of examples, proving these
generalizations through argumentative discourse, and expressing them formally according to the level of student age
development (Canadas et al., 2016).

Algebraic reasoning encompasses all mathematical thinking because of its use in exploring mathematical structures.
Algebraic reasoning also requires students to explore a relationship and build generalizations to support conceptual
understanding of the relationship in a formula. Indicators of algebraic reasoning (National Council of Teachers of
Mathematics, 2016).

Meaningful use of symbols. Selecting variables and constructing expressions and equations in context.
Connecting algebra with geometry. Use connections to solve problems.

Linking expressions and functions. Connect expressions and functions.

Manipulative consciousness. Doing mental calculations.

Reasoned solving. View the solution steps as a logical understanding of the relationship; can find patterns,
recognize patterns, and generalize.

o a0 o

The thinking process has a close relationship with cognition to identify students' mental structures such as perception,
memory, reasoning, decision selection, problem-solving, and the methods used for introspection (Matlin, 2009). The
problems of students of the Sultan Agung Islamic University Mathematics Education Study Program in studying matrix
algebra material are very diverse and complex. When students respond to non-routine math problems there is a
cognitive process of students in obtaining new information. The teacher records and analyses student behavior to
determine students' thinking processes in linking concepts that are appropriate to the problem. Mental processes in
processing and understanding information and creating meaning are called cognitive structures. There are three stages
of students' cognitive structure: comparative thinking, symbolic representation, and logical reasoning (Garner, 2007).
To develop cognitive structures, students need to store information storage memories and visualize information
processing. Teachers can use their knowledge and experience to build students' cognitive structures. Characteristics of
cognitive structures in processing information and creating meaning by (a) making connections; (b) finding
relationships and patterns; (c) formulating rules; (d) generalizations (Garner, 2007).

Strategies to develop cognitive structures by encouraging someone to reflective awareness and imagination in
visualization to develop regularity in learning, creating, and changing. reflective awareness means awareness that
makes unconscious awareness into conscious awareness. The process of reflective awareness helps develop cognitive
structures in processing information and creating meaning. Visualization is the mental representation and
manipulation of information, ideas, feelings, and sensory experiences. Without visualization, a person relies on specific
information within the sensory range and has difficulty thinking abstractly. In visualization, there are images, symbols,
and other forms of mental coding to represent the receipt of information (Garner, 2007).

/ Sensory Data Collection \
/ Reflective Awareness \

Cognitive Structure

K Visualization /
\ Knowledge and Experience /

Figure 1. The Cognitive Structure Development Process

In addition, the cognitive structure can also develop through the relationship of attention with students; Encourage the
use of cognitive structures through relationships with prior knowledge, explain problem-solving processes and their
rationality, look for patterns that connect information automatically and quickly, abstract principles that can generalize
ideas from one context to another; Determine what cognitive structures are needed to master standards and scaffolding
as basic skills; Encourage students to ask questions; and Instead of providing information, use open clues. Metabilitas
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can be developed by someone who uses his cognitive structure. An order that describes the dynamic and interactive
cycle of Learn, Create, and Change (see in figure 1). Learning is more than just collecting facts or skills, which are
created by students themselves to produce self-reinforcing energy through a continuous cycle of innovation and
change. If there is no change by gaining new understanding, considering new ideas, obtaining additional data, or
learning new behaviors because of their interaction with information, then it is not said to have learned. The more
students are involved in creating meaning, the more they change and learn.

Methodology
Research Design

This qualitative research design uses an exploratory method that aims to identify and describe students' cognitive
structures in processing information at the level of algebraic reasoning abilities (upper, middle, and lower) in solving
matrix algebra problems.

Sample and Data Collection

The population in this study were all students of the Mathematics Education Study Program, Sultan Agung Islamic
University, Indonesia. The algebraic reasoning test instrument is based on the Marzano taxonomy cognitive system on
matrix algebra with an average expert validation score of 4.47 or 89.4% with excellent criteria, the validity test of the
two questions is 0.844 and 0.936, which means the test instrument has high criteria and a reliability level of 0.749
which indicates the criteria are feasible (Basir et al., 2021). The question on the algebraic reasoning ability test.

Every second, a mixture of 220 ml NO (Nitrogen Monoxide) and 20 ml N:0: (Dinitrogen Dioxide) changes in
concentration after heating, i.e., 10% of NO changes to N20z and 20% of N20z changes to NO.

a. Draw a diagram that represents the information!

b. Write a matrix equation that represents the information!

c. What is the amount of NO and Nz0: concentrates after one second, two seconds and 10 seconds?

d. What is the amount of NO and N:0: concentrates after n seconds?

The research data is sourced from the answers to the algebraic reasoning ability test and interview transcripts of the
research subject. The research sample was taken by purposive sampling based on the level of algebraic reasoning
ability in solving matrix problems (upper, middle, and lower). In this study, the research sample was obtained, namely
students who have characteristics according to the research objectives as many as three people, each of which
represents a group of algebraic reasoning abilities. The list of research subjects that became the research sample is as
shown in table 1.

Table 1. List of Research Samples

Levels of Algebraic Reasoning Ability Code
Lower BJH
Middle TRS
Upper AMK

Analyzing of Data

The process of data processing and analysis of qualitative data is carried out interactively and continues until it is
complete until the data is saturated. This research emphasizes the power of data analysis, the source of the data
obtained, and the theory developed. In qualitative research, the first thing to do is analyses the data, which is described
as interwoven between data, namely between links before, during, and after data collection in the form of an interactive
cycle process as shown in Figure 2 following (Miles et al.,, 2014).

-

Data
Collection

Conclusions

D

- J

Figure 2. Interactive Model Data Analysis Component
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Based on Figure 2, the interactive model qualitative data analysis contains three simultaneous activities: data
reduction, data presentation, and conclusion drawing/verification. The interactive model data analysis steps are as

follows:

(1) Data Reduction

Data condensation is a process of selecting, simplifying, abstracting, and/or transforming rough data that emerges from
written notes in the field or interview transcripts. Researchers simplify through data collection that supports this
research. So that the data can be accounted for and concluded. The matrix algebra problem studied in this study is a
problem that is related to the concepts that have been studied previously. The structure of the matrix algebra problem

is illustrated in Figure 3 and explanatory information in table 2.

Matrix algebra
problems

Knowing a lot of concentrate
in the initial conditions

v

Assume that many concentrates
start with variables x, and y,

Determine the amount of
concentrate after 1 second

Determine the amount of
concentrate after 2 second

H—

e

X,=0,9%; + 0,2y, and

Understanding the
change in concentration

¥2.=0,1x; + 0,8y,

v

Knowing the amount of
change in concentrate

! v

Determine the amount of
iconcentrate after 10 second

7l /

X;10= 0,9%9 + 0,2yq

and y10=0,1%9 + 0,8y

v

Determine the amount of
concentrate after n second

Xp=0,9%,—; + 0,2y, and
Yn=0,1%_1 +0,8y,_1

Creating a Cartesian
Coordinate Axis

2

Determine the
coordinates

v

Creating NO curve and
N>0; curve

Using the matrix concept

T | e

Calculate the amount of

Calculate the amount of

Calculate the amount of

concentrate after 1 second —* concentrate after 2 second =" concentrate after 10 second
v v
e se [ o-ane [/ oawe /

Calculate the amount of
concentrate after n second

Figure 3. Matrix Algebra Problem Structure

Table 2. Coding Structure Problem

Q-8 B |

Graphics Code Description

K Making Connections

P Finding Patterns and Relationships
A Formulating Rules

G Abstracting Generalizable Principles
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(2) Data Presentation

Data presentation is the process of collecting organized and compressed information that allows drawing conclusions
and verification. In qualitative research, the presentation of data is presented in the form of brief descriptions,
flowcharts, charts, and the like.

(3) Drawing Conclusion

The final step in the interactive analysis is conclusion drawing and verification. From the beginning of data collection,
qualitative analysis interprets what is meant by noting patterns, explanations, causal paths, and propositions. So that
drawing conclusions is one of the efforts to give meaning to the presentation of the data. Thus, conclusion is only part of
the activities of the complete configuration. Conclusions were also verified during the study.

Findings / Results

(@) Cognitive Structure Lower-Level Algebraic Reasoning Ability

In dealing with matrix algebra problems, some of the problem structures are already known by BJH. BJH subjects are
not complete in making connections, are not aware of the process of searching for patterns and relationships, so that
the subject cannot formulate rules. BJH uses existing cognitive structures to make connections. This is indicated by the
statement from BJH as follows.

BJH: I imagined this was a chemistry problem that could be solved with math, and I remembered the solution was related
to the system of linear equations of two variables material so, I did an example with the variables x and y.

5 | m - X N ! i
|_5..|.'III;"|I‘-'. H:Lul.mhnln- L MO =X, Nels ) — the Subject

: . . . 110 % § 177 ! maks
cg20ml NO 4 poml Ne0r =N : gk B connections
: 'Il-'”; }‘\l':.' . |I.\.,.-:l 220 m] - 128 m| N]L(; ooy ddl l inalgebra

b I-. . = | by doing

0/ Mady = 2gp xdoml - 4wl NO variable
— instances
Translation Suppose NO =x , N:Or=1y
Change c:ﬂa?‘f ) 220x + 20y (@
220 mi NO + 20 mi Nz0 dx + 22y (i)

105 NO = 10% =220 mi= 22 mi N20z
20% Jir}t}"3=2ﬂ% =20 mi= 4 mi NG

Figure 4. Results of BJH Subjects in Making Connections

From the results of the answers in Figure 4, BJH can think algebraically but does not understand the meaning of the
algebraic symbol. This is also clarified by the change in the amount of concentrate that BJH understands is only limited
to the percentage that has changed, even though there are still concentrates that still contain the original compounds.
Because BJH has not fully understood the problem, resulting in BJH is unable to make connections with the matrix
material. In the stage of looking for patterns and relationships, BJH finds it difficult to compare the changes in
concentration every second. this can be seen in the graphical representation made by BJH (figure 5).

Figure 5. Graph of the Change in Concentration Over Time

From BJH's explanation at the time of the interview, the graphs made did not represent the description of the problem.
This is because the line that is connected to represent the change in NO is drawn from the amount of initial concentrate
(220 ml) with the number of changes in the concentration of N202 which turns into NO after just one second.
Meanwhile, the amount of NO concentrate that did not turn into N20:and the change after one second was not
considered again. In addition, BJH also cannot analyses mathematical equation models that can be formed and cannot
organize changes in concentration through an approach with a matrix concept.
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At the stage of formulating the rules, BJH could not correctly predict through a pattern. In the process of completion,
BJH is only limited to revealing the calculation procedure to obtain the number of concentrates per second even though
there are still conceptual errors by writing (Figure 6).

after one second
NO : 20/«Na0s = 207 x aowl
‘\\zol v \0 ./0 ~ NO - [O:/L. <« 220 m'r

3
v ject
after two second the Subject
- onlywrites
ND * 2« Jc% x Ni0s 2 x JL)Z ®x 20m| —1 3
s r/ = v down the
Nolaos 2 % 1o/ » Ni 2 % lo lox 220M missing
A changes

after ten second
Ne ¢ (0 X20 /¢ * N0z -0 X 20 » apml

Na0s ¢ 10 » 07/ N0z x 0 » 220m

Figure 6. the Subject's Error in Determining the Pattern

BJH writes that the amount of NO compound concentrates after one second is 20% multiplied by the initial amount of
N20: concentrate, which is 20 ml to obtain 4 ml of NO compound. With the wrong prediction, BJH made a pattern for
the number of concentrates after ten seconds, which means ten times the number of concentrates after one second.
Therefore, the assumptions given are wrong, so the generalizations made by BJH are also wrong. Furthermore, the
cognitive structure of BJH in solving problems can be described as shown in Figure 7.

-
- -

Problem Structure

-

Cognitive structure of BIH Subject

Figure 7. Problem Structure and the Cognitive Structure of BJH Subjects.
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The following is an explanation of the coding and thinking structure of BJH in solving matrix algebra problems in table
3.

Table 3. The Remarks of the Notes in Figure 7

Graphic Codes Remarks

S Can understand the main problem, namely matrix algebra

K1 Can find out a lot of concentrate at the initial condition

K Can understand the change in concentration

K3 Unable to correctly determine the amount of concentrate change that occurred

K4 Cannot perform multi-concentrate splits with variables x; and ¥,

P1 Cannot determine the amount of concentrate after 1 second i.e., x;=0,%x; + 0.2y, and
v, = 0.1x,; + 0.8y, because they cannot compare concentrate changes

P2 Unable to determine the amount of concentrate after 2 seconds i.e, . = 0.9x, + 0.2y,
andv.=01x, + 0.8y,

P3 Unable to determine the amount of concentrate after 10 seconds i.e., x;,= 0.9%; + 0.2y,
and v,;= 0.1x; + 0.8y,

P4 Cannot determine the amount of concentrate after n seconds i.e., %, =0.9x,_, + 0.2y, _;
andy,=01x%,_ , +08y,_,

Ps Can make Cartesian coordinate axes

Ps Unable to determine coordinates due to misperception of value

P7 Unable to connect coordinate points to form a curve due to incorrect coordinates entered

E Finished

---------- The concepts are not well connected

—> connected concepts

(b) Cognitive Structure Middle-Level Algebraic Reasoning Ability

In matrix algebra problems, the structure of the TRS problem is more complete than the structure of the BJH problems.
TRS can make connections and can find patterns and relationships but cannot formulate rules. TRS uses the existing
cognitive structure to make connections algebraically by excluding NO and N202 with variables x and y. TRS subjects
were able to know a lot of concentrate at first and understand the change in concentration every second. TRS can also
know the amount of change in the concentration of each compound in every second correctly. This can be seen in
Figure 8 which shows that the TRS subject knows a lot of the initial concentrate and the change in concentration in the
first second and can understand the magnitude of the change in a concentrate that occurs correctly, and can-do
equations with variables so that the appropriate mathematical model is obtained, as shown in Figure 8.

agel N0 <% heo Ruivpaton take - p — 107,

.k the Subject
[N PYa Pt An W= 200/, par dek — ke J
connections in
Transiation: if there is o change sox - 1024 algebra by
Suppose NO = x and y - 20% per second doing variable
MOz =1y instances

Figure 8. Result of TRS Subjects in Making Connections

From the results, it appears that TRS can compare and analyses the changes in a concentrate that occur every second
where every second there is a change that is 10% of NO turns into N20z, while a 20% change from N202turns into NO.
At the stage of looking for patterns and relationships, TRS begins to compare the many concentrates after the first and
second seconds by performing calculations as shown in Figure 9:
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Initially, TRS first looked for many changes that occurred in each compound so that in the first second, the change in NO
was 22 ml, and the change in N202 was 4 ml. However, TRS has not been able to formulate rules because it cannot make
predictions through a pattern correctly. Furthermore, the cognitive structure of TRS in solving matrix algebra problems

the Subject has found patterns and

relationships
al W\ 2
390 - O =22 NRYA NOan - 1o/
(00 = (NOCad = 0% WO s
=0 910-’1.7->-\ A= 2072 & 20'% N2 03 (ad)
No A 2 =0 70 . A A N;O'L -NOL(G'\\) o {\ —-k_N7-03(.ﬂ!‘)
100 20%G Nxox (v 0) ¥ 10%Nom
— 0-~4 DY %Y X
Formulating Rules Formulating Rules

Figure 9. TRS answer results in Formulating Rules

can be described as shown in Figure 10.

The following is an explanation of the coding and thinking structure of TRS in solving matrix algebra problems in table

4,

g
-]
]
-
E
-
o
e
&

Figure 10. Problem Structure and Cognitive Structure of TRS Subjects.

Table 4. The Remarks of the Notes in Figure 10

| Cognithvi structure of TRS Subjict |

Graphic Codes Remarks

S Can understand the main problem, namely matrix algebra

K1 Can find out a lot of concentrate at the initial condition

K> Can understand the change in concentration

K3 Can know the amount of concentrate change that occurs correctly

Ka Can perform multi-concentrate separation starting with variables x; and v,
P1 Can determine the amount of concentrate after 1 second, namely

%=09 + 0.2y, andy,=0.1x, + 0.8v,
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Table 4. Continued

Graphic Codes Remarks
P2 Can determine the amount of concentrate after 2 seconds, namely
% =09x% + 02y, andy.=01x, + 0.8y,
Ps Can make Cartesian coordinate axes
Pe Can determine point coordinates due to misperception of value
P7 Can connect the coordinate points to form a curve due to the error of the entered coordinates
E Finished
------------ The concepts are not well connected
—> connected concepts

(c). Cognitive Structure Upper-Level Algebraic Reasoning Ability

In the matrix algebra problem, the problem structure of the AMK subject is more complete than the structure of the
previous subject problem. AMK can make connections, can identify search patterns and relationships so that it can
formulate rules. AMK uses existing cognitive structures to make connections and search for patterns and relationships.
This is indicated by the statement from AMK as follows.

AMK: [ find it quite easy to know what is known and asked. because the question has provided an adequate explanation.
Then I assume the variable x for NO and variable y for N202 to make it easier to pronounce. At first, | wasn't sure
how to finish it, but I tried to find the pattern while working on the number of changes in concentrate per second.

When solving this matrix algebra problem, AMK can already know the initial concentration and understand the change
in concentration every second and understand the meaning of the problem given correctly. AMK subjects assume that
there are many initial concentrates of NO and N20; with variables x and y. The initial steps for completing the AMK can

be seen in the following figure 11.

the Subject make
connectionsin

% <. . 29h s 2
il £ ¢ = #L algebra by doing
S variab
Transiation: .a faole
2 = 7
Suppose NO = x and N:O: =y instances
x;=220, y:=20

Figure 11. Results of AMK Subjects in Making Connections

From the results of these answers, it appears that the AMK assumes the quantity of the variable x is a lot of NO
concentrates, and the variable y is a lot of N202 concentrates. Then AMK continued the settlement process by looking
for a pattern of many changes in concentrate after one second, there was a change where 10% NO turned into N202, and
a 20% change in N202 turned into NO. At the stage of looking for patterns and relationships, AMK wrote down the initial
amount of concentrate for 220 ml of NO and 20 ml of N202. This can be seen in the results of AMK's answer in Figure 12.

S 2an - - >
- - - mo
——

3+ - Dex + 30 % the Subject has
e 4 = —— ——t , ,
e s S S Jormulated the rules
the Subject has e =B s 4 3
Jfound patterns and —— 1. + OL X < 207
relations hips = < 4.
‘\ the Subjea
a-13 ~ 10 jo Y * % 2 determines the

Ysa N a . » principle of abstract
- - - generalzation

Figure 12. AMK answer results in Formulating Rules and Abstracting Generalizable Principles
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From the AMK explanation at the time of the interview, the subject has not simplified the pattern. so that the pattern for
number of NO concentrates, which was originally x, ==x, — 10%zx, + 209y, becomes
x, =900 x, + 20%y, < x, = 09x, + 0.2y,. AMK subjects can formulate rules for calculating the number of
concentrates after the nth second by correctly predicting a pattern, namely x, = 0.9x,_; + 0.2y, _,. Furthermore, the

calculating the

cognitive structure of AMK in solving matrix algebra problems can be described as shown in Figure 13.

The following is an explanation of the coding and thinking structure of AMK in solving matrix algebra problems in table

Problem Structure

| Cognitive structure of AME Subject |

Figure 13. Problem Structure and the Cognitive Structure of AMK Subjects

5.
Table 5. The Remarks of the Notes in Figure 13

Graphic Codes Remarks

S Can understand the main problem, namely matrix algebra

K1 Can find out a lot of concentrate at the initial condition

Kz Can understand the change in concentration

Ks Can know the amount of concentrate change that occurs correctly

Ks Can perform multi-concentrate separation starting with variables x; and v,

P1 Can determine the amount of concentrate after 1 second, namely
%=09% + 0.2y, andy,=0.1%; + 0.8y,

P2 Can determine the amount of concentrate after 2 seconds, namely
#,=09%, + 0.2y, andy.=01x; + 0.8y,

P3 Can determine the amount of concentrate after 10 seconds, namely
5= 0.9% + 0.2y; andy,=0.1x; + 0.8y,

Ps Can determine the amount of concentrate after 2 seconds, namely
¥n=09%,_; + 0.2y, and yp=01x,_; + 0.8y,

Ps Can make Cartesian coordinate axes

Ps Can determine point coordinates due to misperception of value

P Can connect the coordinate points to form a curve due to the error of the entered coordinates

A1 Can calculate the amount of concentrate after 1 second

Az Can calculate the amount of concentrate after 2 second

As Can calculate the amount of concentrate after 10 second

As Can calculate the amount of concentrate after n second

E Finished

----------- The concepts are not well connected

—> connected concepts
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Based on the results of the study, the researcher described the cognitive structure used by students in processing
information in solving matrix algebra problems which can be seen in Table 6.

Table 6. The Cognitive Structures of Students are Reviewed based on the Level of Algebraic Reasoning Ability

Algebraic Reasoning Ability Level

Lower Middle

imperfect in processing can process information
information making make connections between
connections between prior prior knowledge and

Information
Process Indicator

Upper

can process information make
connections between prior

Making Connections knowledge and experience as

knowledge and experience as
an intermediary between the
known and the unknown

experience as an
intermediary between the
known and the unknown

an intermediary between the
known and the unknown

Finding Patterns and
Relationships

not yet aware of the process of
converting information into a

coding system in search of
patterns and relationships

can turn information into a
coding system in search of
patterns and relationships

can turn information into a
coding system in search of
patterns and relationships

can't formulate rules

can formulate rules

can formulate rules

Formulating Rules

unable to use abstract

Abstracting unable to use abstract thinking o . can use abstract thinking
) . thinking strategies to :
Generalizable strategies to generate . : strategies to generate
o . . . generate information , ) ,
Principles information systematically : information systematically
systematically

Cognitive Structures Comparative thinking Symbolic Representations Logical Reasoning

Following table 6, Students with upper-level algebraic reasoning abilities use information processes from making
connections, finding patterns and relationships, formulating rules, and abstracting principles to solve matrix algebra
problems. Students with upper-level algebraic reasoning abilities have the category of logical reasoning cognitive
structure. Meanwhile, students with middle algebraic reasoning abilities only process information from making
connections, looking for patterns and relationships, and formulating rules. Thus, cognitive structures fall into the
category of symbolic representations. Finally, students with lower algebraic reasoning abilities can only make
connections. So, students with lower-level algebraic reasoning abilities have the category of comparative thinking
cognitive structure.

Discussion

The cognitive structure is a basic mental process for understanding information, both in terms of collecting, organizing,
and processing information (Garner, 2007). Categorization of cognitive structures include:

a. Comparative thinking structures. Process information through the identification of how the data bits are the same
and different. This stage is the basis for learning as well as a prerequisite for more complex cognitive structures in
the other two categories.

b. Symbolic representation structure. Information is transformed into a generally accepted coding system, including
verbal and nonverbal language; mathematics; music and rhythm; body move; interpersonal interactions; graphics
(two-dimensional drawings, paintings, logos); construction; and simulations, as well as multimedia.

c. Logical reasoning structures. Abstract thinking strategies are used to process and generate information
systematically, including deductive and inductive reasoning, analogical thinking and hypotheses, causal
relationships, analysis, synthesis, evaluation, problem formulation, and problem-solving.

As an effort to develop the cognitive structure of comparative thinking, students need to keep a record of the
information received and visualize the information for processing. Although cognitive structures cannot be taught
directly, teachers can use the curriculum and their experiences to help develop cognitive structures so that students
can develop skills in processing information. Characteristics of cognitive structures include processing information and
creating meaning in different ways (Garner, 2007):

a. Make connection

Cognitive structures help students make connections between prior knowledge and experience as intermediaries
between the known and the unknown. It is very important to ask students what the information that educators share
with students means.

b. Finding relationships and patterns

Cognitive structures help students compare, analyze, and organize information into patterns and relationships. All
learning is based on two relationships, i.e., something has meaning when compared and harmonized with others.
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c¢. Formulating the rules

Cognitive structures help students formulate rules that make information processing predictable. Most educators teach
the rules first and then ask students to apply the rules by making connections and patterns. However, this makes it
difficult for students to use the rules when the problem given is different from the example given. For this reason, it is
advisable to make connections and find patterns and relationships before formulating rules. This can make the
information received by students last longer to remember the rules because they were created by themselves.

d. Generalization

Cognitive structures help students abstract generalizable principles that apply or change to situations other than the
original learning context. Principles that can be generalized can certainly clarify understanding and can be applied to
various situations.

Strategies to develop cognitive structures can be done by encouraging someone to reflective awareness and
imagination in visualization to develop students' algebraic reasoning abilities. Students with upper-level algebraic
reasoning abilities can process the information obtained to solve matrix algebra problems. Subjects with upper-level
algebraic reasoning abilities use cognitive structures to make connections, identify search patterns and relationships, to
formulate rules. At the stage of making connections, students with upper-level algebraic reasoning abilities already
know the initial concentration and understand the occurrence of changes every second to make examples with
variables. In the stage of looking for patterns and relationships, the subject can be comparing analyzed information into
patterns and relationships. Students can formulate rules to get concentration every second with fast and precise
predictions. In the last stage in the information process, students with advanced algebraic reasoning abilities can
generalize matrix equations to obtain the number of concentrates in general. In essence, students with upper-level
algebraic reasoning abilities can solve matrix algebra problems well and can write down the steps of completion in a
coherent manner according to the given problem. Based on the results of interviews, it is known that students with
upper-level algebraic reasoning abilities use cognitive structures to process information and solve to get the right
results.

Students with middle-algebraic reasoning abilities have not processed all the information obtained to solve matrix
algebra problems. Subjects capable of middle-level algebraic reasoning use cognitive structures only at the stage of
making connections and identifying search patterns and relationships. At the stage of making connections, students
with middle-level algebraic reasoning abilities already know the initial concentration and understand the occurrence of
changes every second to make examples with variables. In the stage of finding patterns and relationships, the Subject
can compare the changes in concentration every second but cannot analyze the equations formed. The Subject tries to
predict but cannot formulate rules to make the information concentrate on the amount of concentration per second. So
that the generalization process also cannot be generated. In essence, students with middle-level algebraic reasoning
abilities can understand the process of information obtained, but they are not perfect in making the right predictions.

Students with lower-level algebraic reasoning abilities cannot process information appropriately to solve matrix
algebra problems. Subjects with lower-level algebraic reasoning abilities use cognitive structures that they already
must make connections but are not yet perfect in processing connections. At the stage of making connections, students
with lower-level algebraic reasoning abilities already know the initial concentration but have difficulty imagining the
initial concentration with variables. The subject cannot compare the changes in concentration every second and cannot
analyze the equations that are formed by the mathematical model. The next stage is that students cannot formulate
rules to get concentration every second with fast and precise predictions. In essence, students with lower-level
algebraic reasoning abilities can only process information at the stage of making connections but are not perfect.

Vygotsky put forward several ideas about the Zone of Proximal Development (ZPD). Vygotsky argues that a series of
tasks that are too difficult for students to master independently but can be learned with the help of adults or more
capable students (Taber, 2020). To understand the limits of a child's ZPD there is an upper limit, namely the level of
responsibility or additional tasks that a child can do with the help of a capable instructor. Which the child can solve
alone. ZPD according to Vygotsky, shows the importance of social influence especially the influence of instruction or
teaching on children's cognitive development (Basir & Wijayanti, 2020).
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Figure 14. ZPD Concept Illustration
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The shaded area describes the area in figure 14 of development that students get when learning independently without
the help of others. Everyone’s ZPD is developing but, there are limitations in its development. Zone of Proximal
Development students is individual so that the provision of teacher assistance to students in the classroom will vary
depending on the level of students' cognitive structure. Provision of various types and levels by teachers to students to
facilitate them in solving problems (scaffolding).

Forms of effort that teachers can do to improve algebraic reasoning abilities include the teacher delivering the material
in stages, the teacher providing explanations from concrete to abstract, the teacher giving examples of questions from
simple things to more complex things, or teachers starting from easy concepts. Every time student learn a new concept,
student need to pay attention to the previous concept or material (Keller et al.,, 2020). In this case, it can also repeat the
concept by expanding and deepening the learning material. In addition, teachers can also manage classrooms by
conducting teaching cycles according to the target. In conducting the assessment, the teacher must prepare the
material, provide direction to students, and provide sufficient time to invite students to practice and adjust student
performance to the learning progress zone.

Conclusion

Students with upper-level Algebraic Reasoning Abilities have a logical reasoning cognitive structure, where students
can make connections, find patterns and relationships, formulate rules, and generalize. Students with middle-level
algebraic reasoning abilities have a symbolic representations cognitive structure. Students can make connections and
find patterns and relationships but have not been able to formulate rules and generalize. Students with lower-level
algebraic reasoning abilities have a comparative thinking cognitive structure. Students are only able to make
connections and perform mechanistic actions without looking for patterns and relationships, establishing rules, and
generalizing.

Recommendations

Based on the results of the research, the researcher provides suggestions for the development of further research. First,
it is necessary to research the structure of pseudo thinking in solving algebraic reasoning problems. second,
appropriate learning strategies to improve algebraic reasoning abilities. Third, the development of teaching materials
as a facility in written form scaffolding to defragment cognitive structures.

Limitations
This study is limited to subjects with upper, middle, and lower-level algebraic reasoning abilities in solving algebraic
problems that aim to identify cognitive structures. Thus, it is still very open to conducting research related to algebraic
reasoning in terms of cognitive style or learning style. Algebraic thinking processes can also be identified using the
theory of assimilation and accommodation.
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